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1. AN ALGEBRAIC EQUATION AND EULER’S BASEL PROBLEM
Project. (a) Show that the following algebraic equation of degree n,

2n+1Y\ , 2n+1 et 2n+1Y\ , o 0
" — x - =
1 3 5
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fork=1,2... n.
2n+17 Or ) ) 7n

has solutions x) = cot?
(b) Show that
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(c) Prove the inequality
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(d) Deduce that

o
1 w2

— = )
n 6
n=1

2. WALLIS’ INTEGRAL FORMULA AND EULER’S BASEL PROBLEM

Project. (a) Write the binomial series expansion of (1 — 22)~%/2 near z = 0.
(b) Derive the Taylor series expansion of arcsin x near z = 0,

, 1-3...-(2n—1) !
arcsmx—x—i-; 2. 4...-(2n) '2n+1'

(c) Explain why the series above converges uniformly on the interval [—1,1].
(d) Derive the following equality

2 oo

s 1 1-3-...-(2n—1) (2 ,
— =1 : "t
8 +22n+1 2. 4-...-(2n) /0 S

n=1

(e) Prove the following Wallis integral formula:

™

ERNN 2.4....(2n) 1
tdt = . >1
/0 S 1.3-...-2n—-1) 2nt1 "7
(f) Derive Euler’s famous formula,
=1 w2
2)=Y ="
C( ) — n2 6

3. POWER SERIES AND EULER’S BASEL PROBLEM

Project. The Basel problem is one of the most famous problems in analysis and
number theory and it concerns the series

[e.o]

1 1 1 1
ottt
n=1

The result was proved by Euler in 1734 and is given by
Theorem 3.1 (Euler). We have

o
1 w2

—n? 6
In this project you will be guided to obtain a proof of this result via generating
functions.
First, prove that the function y(x) = arcsin®x verifies the second order initial
value problem,
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(1—a?)y" — 2y —2=10,y(0) =¢'(0) = 0.
Second, when we look for the power series solution of the above initial value
problem, y(z) = ), ., a,2", prove that

1 = (22)%"
.2
arcsin® r = — ——,|r| < 1.
22 ey
Third, with a little bit of extra care, prove the convergence of the series above.
Fourth, prove the following Wallis’ formula,

z m,q, T [(2n
/O S1n tdt_%(n)

Last but not least, combine all these previous steps, and derive the proof of the
Basel problem.

4. CONVEX FUNCTIONS, HERMITE-HADAMARD INEQUALITY, AND STIRLING’S
APPROXIMATION FORMULA

Project. Let f : [a,b] — R be a convex function on [a,b]. First, derive the
Hermaite-Hadamard integral inequality,

(352 25t [ o 20320

We can proceed in the following way:
Let a,b € R, a < band f: [a,b] — R be a convex function.

(i) Show that for all a < z <y < z <t with 2 + ¢ = y + z we have the inequality

f@)+ f(t) = f(y) + f(2).

(ii) Show that the function g : [a,b] — R, g(z) = f(z) + f(a+b—2z), x € [a,b] is
b
b

a+
5 :
(iii) Show that f is Riemann integrable.
(iv) Show that the function h : [a,b] — R defined by h(z) = f(a+b—x), x € [a, ]

is convex and
b b
/f(x)dx:/ h(z)dz.

(v) Prove that the Hermite-Hadamard inequality holds true.
Furthermore, prove that:

: . a+b :
nonincreasing on |a, — | and nondecreasing on
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(a) Show that

k1 log k + log(k + 1
/ logx > skt gg( + ),kzl.
k

(b) Show that

k+1/2
/ logx <logk,k > 1.
k—1/2

(c) Consider the sequence
" 1
an :/ logx —log2 — ... —log(n —1) — alogn,n > 1.
1

1
Show that a,, is increasing and 0 < a,, < 5 log T

(d) Prove the following inequality:

n 4 n
e\v/n <2> >nl > /=evn <E> ,n>1.
e 5 e
(e) Prove the following formula due to Stirling:

!
lim —— = 1.

n—0o N . =N/,

5. LIMITS OF SEQUENCES OF FUNCTIONS AND THE IRRATIONALITY OF 7

Project. Let a,b,n > 1 be integers, and consider the sequence of functions
1
fo—=R =R, fu(z) = —‘x"(bx —a)", and the sequence of integrals (,,),>1 defined
n! =
by

I, = / fo(z)sinxzdr,n > 1.
0

(a) Show that if u,v : I — R are functions n-times differentiable on I, then

(uv)™ =3 (Z) wmR) k)
k=0
b) Show that £ (0) € Z for all k > 1 and n > 1.

)
¢) Show that f1(4) € Z for all k > 1 and n > 1.
d) Show that lim [, = 0.

n—oo

e¢) Show that if 7 = %, with a,b > 1 integers, then [,, € Z — {0}.

)
f) Show that 7 is an irrational number.

(
(
(
(
(
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6. AN EXAMPLE OF A FUNCTION WHICH IS NOT DIFFERENTIABLE ANYWHERE:
WEIERSTRASS FUNCTION

1— |2z —2[x] -1
Project. Let us consider the function f; : R — R, fi(x) = |2 5 =] |

and the functions f,(z) = 4" . f1(4" '2), r € R, n > 1.

(a) Show that 0 < fi(z) < 1, for all z € Z and fi(z+ 1) = fi(z), for all z € R.

(b) Show that the function f(z) =3 ", fu(z), € R is well defined and contin-
uous.

(c) Show that the function f is not monotonic on any interval.

(d) Show that f is not differentiable at any point.

7. EVALUATION OF ((2) AND THE REPRESENTATION OF A NUMBER AS SUM OF
SQUARES

Project. Let r(n) be the number of quadruples (x,y, z,t) of integers such that

n=ax?+y*+ 22+t

(a) Show that 7(0) = 1 and r(n) =8 Z m,m > 0.

(b) Let R(N) = 32N r(n). Show that R(N) is asymptotic to the volume of the
4-dimensional ball, i.e.

2
R(N) ~ %NQ.

(c) Evaluate R(N) in terms of the function 0(z) = Z m [2}

m
m<x

(d) Show that 0(z) = @xz + O(z log ) and deduce that

@)=Y ="

n=1

8. ERDOS’ PROOF OF BERTRAND’S POSTULATE

Project.
(a) Let n > 0 and r(p) be the non-negative integer such that

pr(p) << pT(p)Jrl.

I » | (2:) BIFAS

n<p<2n p<2n

Show that
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(b) Show that if p > 2 and 2* < p < n, then

ot ().

Hp < 2%,

p<n

(c¢) Show that

(d) Assume there is no prime p in between n and 2n (n < p < 2n). Prove that

221 < (2n)VZrH12sn,

which is impossible for sufficiently large n. Hence there exists at least one
prime in between n and 2n for sufficiently large n.

Applications.

(a) Find an upper bound for all the n’s satisfying the inequality in Problem 8(d).
Deduce that there is at least one prime in between n and 2n for any n > 1.

(b) Let p, denote the n-th prime. Show that for n > 3,
Pn <p1+p2+...4+Pp1.

9. BERNOULLI POLYNOMIALS AND GENERALIZED EULER-MACLAURIN
SUMMATION FORMULA

Project. We define the sequence of Bernoulli polynomials B, (z) and the Bernoulli
numbers B, as follows: we let By(x) = By =1, By = —1/2 and Bl( ) =x + By.
We then let By(z) = By + 2 f; Bi(x dx where B, is such that fo By(z)dx = 0,

1

that is to say, B, = § and By(x) = 2° — . + 1/6. In general, assuming we have

defined B, (z), we let B,11(x) = Bypy1 + (n+1) fo »(t)dt, where B, is such that
fol B i1(z)dx = 0.

(a) For n # 1, show that B,(1) = B,(0) = B,. Conclude that the function
r— B,({z}) is I- periodic and continuous. In addition, show that [ B, ({t})dt =
(Bns1({x}) — Bpy1)/(n+1) for alln > 1 and = € R.

(b) Given integers a < b and k > 1, and a smooth function f, prove that

B
00—V a4yt [P,

a

a<n<b

(c) Let m € Z and k € Z>0. Show that
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2mima

k! e
m#0
(d) For k > 1, show that Bogy1 = 0 and

(=D (2k)! 1 (=D"'(2k)I¢(2k)
Bk = 92k—1 2k Z m2k 92k—1 2k ’
m>1
where ((s) = >, =, Re(s) > 1 is the Riemann zeta function.
(e) Show that for n > 1, we have

1 1
Z=1logN — O(1/NY).
7;\[71 ogN+7+ 55— oy T OU/ND

10. AN ELEMENTARY PROBLEM EQUIVALENT TO THE RIEMANN HYPOTHESIS

Project. The Riemann hypothesis is one of the most important problems in
mathematics concerning the non-trivial zeros of the zeta function,

[e.9]

1
((s) = ZE,RGS > 1.
n=1
1
It states that all non-trivial zeros satisfy Re s = —. In this aspect, there are many

equivalent statements. One of them is given by the following:

(L):o(n) =Y d< H,+exp(H,)log(H,),
dln
for all n > 1. Here H,, stands for the n-th harmonic number. The statement
(L) is a modification of an earlier result of Robin which states that the Riemann
hypothesis is equivalent with

o(n) < e'nloglogn,

for all n > 5041. Moreover, Robin was able to prove unconditionally that

o(n) < e'nloglogn + 0.6482L,n > 3.
loglogn
Thus, we assume the following two results of Robin,

Theorem 10.1. If the Riemann hypothesis is true, then for each n > 5041 we have

o(n) < e'nloglogn,

where gamma s the Fuler-Mascheroni constant.

and



8 CEZAR LUPU

Theorem 10.2. If the Riemann hypothesis is false, then there exists constants 0 <
B < % and C' > 0 such that

Cnloglogn

o(n) > e'nloglogn + (log n)?

holds for infinitely many n.

Now, in order to prove that our inequality (L) is equivalent to the Riemann
hypothesis, you are asked to prove the following:

Lemma 10.3. Forn > 3, we have

exp(H,)log(H,) > e'nloglogn.

Lemma 10.4. For n > 20, we have

H, + exp(H,)log(H,) < e¢"nloglogn +

logn’
Finally, deduce that the inequality (L) is equivalent to the Riemann hypothesis.

11. DIRICHLET’S HYPERBOLA METHOD AND APPLICATIONS

Project.

(a) Prove the Dirichlet hyperbola formula. Let f and g be two arithmetic func-
tions and let F'(x) = > . f(n) and G(x) =}, _, g(n). Show that for any

1<y<u,
S Y s (5) =X e (5) + X atmr (£) - Fe (2).
nsz dln n<y m<z/y

(b) Prove that for x > 1,

Zd(n) =zlogz + (27 — )z + O(V7).

n<x

> {E} = - +owm),

where 7 is Euler’s constant.

(d) Show that

T
Za(n) =%+ O(zlog x).

n<x



