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1. PROBLEMS

Problem 1. Let f(z) = Y,_, agsin(kz), with a1, a,...,a, € R, n > 1. Prove
that if f(x) <|sinz|, for all z € R, then

<1

Problem 2. Let f : R — R be a real function. Prove or disprove each of the
following statements.

(a) If f is continuous and range(f)=R then f is monotonic.
(b) If f is monotonic and range(f)=R then f is continuous.
(c) If f is monotonic and f is continuous then range(f)=R

Problem 3. (a) If f is a C? function on an open interval, prove that

o F ) = 26(2) + fla — 1)

h—0 h?

= ["(x).

(b) Suppose that f(x) is defined on an open interval containing z, and f(x) is
three times differentiable on this interval. Show that

lim flx+h)—=3f(x)+3f(x—h)— f(x—2h)
h—0 h3

_ f'”(x).
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Problem 4. (i) Show that e > z + 1 for each x € R, with equality if and only
if x =0.
(ii) Let ap > 0for k =1,2,...,n,and let A =
n
mean of these numbers. For each k, put z; = % — 1 in the inequality from (i), and
deduce the arithmetic-geometric mean inequality:

G tayt...+an be the arithmetic

a;+as+ ...+ ay
n

> Vaias ... Gy.

Problem 5. (i) Let f : (0,00) — R be a differentiable function such that the
limits lim f(z) and lim f’(z) exist and they are both finite. Show that lim f'(z) =
T—00 T—00

T—00
0.

(ii) Let f : (0,00) — R be a differentiable function such that lim (f(z)+ f'(x)) =
T—00
0. Show that lim f(z) = 0.
Tr—00

Problem 6. Let f be an infinitely differentiable function from R to R. Suppose
that, for some positive integer n,

F) = £(0) = £/(0) = £1(0) = .. = F(0) = 0.

Prove that f("*V(z) = 0 for some z € (0, 1).

Problem 7. Let o be a real number. Show that there does not exist a continuous
real-valued function f : [0, 1] — (0, 00) such that

/01 fx)dz = 1,/01xf(x)dx _ 04,/01902f(x)dx _ .2

Problem 8. Let f : [0,1] — R be a differentiable function with continuous
derivative such that f(0) = f(1) = 0. Show that

/ (Fa)2de > 12 ( / 1 f(l")dﬂsf-

Problem 9. Let f,g: R — R be continuous functions such that f(z+1) = f(z)
and g(x + 1) = g(z) for all real numbers x. Prove that

1

lim [ f(z)g(nz)ds = /0 1 f(a)dx /0 l g(z)dz.

n—0o0 0

Problem 10. (a) Consider the sequence (z,),>1 defined by

11 1 L1
Th==-—=+=+...+(-1)"=.
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Show that x,, converges and assuming The Basel problem,

n—oo

lim (L4 42 G

11m — —_— — = —

127 92 2) "%
7.‘_2

how that lim z, — —.

SNOW anl_)n(;lox 12

(b) Show that the following version of Taylor’s formula with integral remainder
holds true:

2

x " o
log(1 —r— 4. .+ (=D)"T e (=D)" ——dt
o(1+2) = =G+ (<P [

foralln >1 and 2z > —1.
(c) Show that the function f : [0, 1] — R defined by

f(a) ={ LR aeo

is Riemann integrable.

(d) Show that



