9. Irrationality measure functions (29 July 2019).
1. For a real « consider theordinary irrationality measure function

Yalt) = min _ |lzef],

Lagrange constant
M) = liminft - ¥, (),

t—4o00

and Dirichlet constant
d(a) = limsupt - ¥, (t).

t——+o0

What is the maximal and minimal possible values of value of A(«) and d(«)?

The Lagrange spectrum L is defined as

L ={X € R: there exists a € R such that A = \(a)}.

The Dirichlet spectrum D is defined as

D ={d € R: there exists « € R such that d = d(«)}.

Define
& = llgall = |lgpo — pol.

2. Minkowski function. Recall the Legendre theorem on continued fractions. This theorem
says that if

A 1
0‘—@‘%792’ (4,0) =1 0

then the fraction % is a convergent fraction for the continued fraction expansion of a. The

A
Q
converse statement is not true. It may happen that g is a convergent to o but (1) is not valid.
We consider the sequence of the denominators of the convergents to « for which (1) is true.
Let this sequence be

QO<Q1<"'<Qn<Qn+1<"'-
Then for o ¢ Q the function pu,(t) is defined by

QnJrl —t t— Qn
fa(t) = 53— ||@nal| + 57— 5 |@us1a||, Qn <t < Qnia.
¢ QTL+1 - Qn " Qn+1 - Qn " ’ " "
Note that for every v one of the consecutive convergent fractions %, ’;”ﬁ to « satisfies (1). So

either
(QTH Qn+1) = (Qm Qz/+1>
for some v and
|Qnal] = &y ||Qniaal] = g,

or

(Qm Qn+1) = (QV—la Qu+1)



for some v and
1Qnall = &ty [[Qniaal] = Eopa,s
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3. Define
m(a) = limsupt - pa(t).

t—-+o0

What is the minimal and the maximal value of m(«a)?

Exercises.

1. Prove that

a.
WE = 1 B 1 B Q1 Qg2
o Qg + Qg (O‘;—H)_l + (au—l—?)_l Ozi+1 + Oéu—f—z7
b. gu/gu—i—l = 42,
C. &/-i-l = 51/—1 - al/—i—lfl/;

2. Prove that 1,(t) < 1/t for all ¢.
3. Find A(ay) and d(ay), where ay = [N].

4. Prove that there exist a sequence t, — 0o, such that

@A/i(tu} > ¢(¢3+1)/2 (tV)7

and that there exist a sequence r, — oo, such that

1/1\/5(7";/) < ¢(¢3+1)/2 (rv),

5. What is liminf, , oo t - pa(t)?

6. Find m(a) for @ = v2 and a = 18 = [1;2,1,2,1,2,1,..].

7. Prove that
pya(ts) < tysinpty), V21



