2. Introduction to Continued Fractions (16 July 2019).

2.1. What is Euclidean algorithm and how it is related to continued fractions of rational
numbers?

2.2. Formal infinite continued fraction.
[ao;al,ag,...,a,,,...], Qo EZ, Q; €Z+,j: 1,2,3,.... (1)
a; - partial quotients,
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by _ lag; ay, as, ..., a,] = ag + 1 . (pv,q,) =1— convergents.
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2.3. Recursive formulas for the convergents’ numerators and denominators.

Dot = Qui1Py + Doty Quil = Qui1Gy + Gty PoGu—1 — GPu—1 = (—1)" 7"

2.4. The value of continued fraction (1). Prove that
a. Z;_V is an increasing sequence;

v
b. 2’2“—11 is a decreasing sequence;
i
c. B < Pl for all u,v;
q2v qQ2u+1
d |pe et 1 .
v Qu+1 Qwqu+1’
e. there exists lim,_, 7;—” which is called the value of continued fraction (1).
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2.5. For every real number « there exists a continued fraction of the form (1) which value is a.

2.6. Problem of uniqueness. Prove that every irrational number has the unique representation
as a value of a continued fraction of the form (1). What happens with rational numbers, and
what is the correct statement about uniqueness for rationals?

2.7. Prove that

1
q (0% = —-—
H Y || QV(aV+1 +O‘;)’
where
Qi1 = [Api1; Qui2, Qus, -], al =[0;a,, a1, ..., a1].

2.8. Lagrange Theorem. « is a quadratic irrationality if and only if its continued fraction
1s eventually periodic.

2.9 Zaremba’s Conjecture.
VqeZy Fa: (a,q) =1 such that in its c.f. expansion a; <5, Vj.
(We will not prove it.)

Exercises.

1. Prove that for any a and for any v one has ¢, > (



2. Valen’s therem. For any v either

qu||qvg|| < 1/27
or
Q+1|@+16]] <1/2
holds.
3. Suppose that in (1) ag > 1. Prove that pp—’il = [an; an_1, ..., agl.

. Prove that o
Vd? +1=[d;2d];
VA2 +2=d;d,2d);
2:9 2] — (1+v2)n 1 —(1-v2)n+!
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5. Prove that each rational number  can be represented in a form

1
by —

by —
by — oo — —

with b; > 2,5 =1,2,...,v.

6. Prove Zaremba’s Conjecture for

a. ¢ = F}, - Fibonacci numbers;

b. ¢ =2";

c. for representation of rationals as continues fractions (2), that is, you should prove that for
any q € Z, there exists a € Z such that (a,q) = 1 and in the decomposition

1

by —
by —
by — oo — —

we have b; < 5Vj.



